A continuum-based design sensitivity analysis method for hyperelastic structures is presented. Analysis is performed using a meshless method, called the reproducing kernel particle method. Yeoh's energy density function is used to describe the hyperelastic structural behavior. The meshless method eliminates mesh distortion or entanglement encountered in using nite element analysis for large deformation structural analysis and structural shape design optimization. Both the adjoint variable and direct differentiation methods are developed for material and shape design variables. An in nitely long rubber tube, a two-dimensional rubber band, and an engine mount are examples used to demonstrate the feasibility and accuracy of the method.
U a = kernel function N U a (xI x ¡ s) = modi ed kernel function W I (x) = interpolation function of particle X I w = generic performance measure t \ = physical domain at time t ( ) 0 = rst-order variation with respect to a material property design variable u P ( ) = total derivative with respect to a shape design variable
I. Introduction
O NE of several challenges in structural shape optimization involves mesh distortion or entanglement during design iterations due to shape changes, when the nite element method (FEM) is used for structural analysis. Consequently, shape optimization iterations often fail or converge to an unacceptable solution. Similar problems exist in using nite element analysis (FEA) for structural analysis of large deformation nonlinear problems, such as hyperelastic structuresand metal forming, in which the nite element mesh is distorted or entangled due to excessive deformation.
In recent years, a number of meshless methods not requiring explicit mesh have been developed. Smooth particle hydrodynamics (SPH) 1 was the rst meshless method developed for in nite domain astronomy problems; however, the solution accuracy was unsatisfactory when SPH was applied to structural problems. The diffuse element method (DEM) 2 was introduced based on moving leastsquares approximation. The element-free Galerkin 3, 4 method improved the solution accuracy of DEM through a better numerical integration method, inclusion of the derivatives of interpolants that were omitted in DEM, and an accurate treatment of essential boundary conditions.The reproducingkernel particle method (RKPM) [5] [6] [7] [8] was proposedto improvethe accuracyof SPH for nite domain problems. In RKPM, the kernel function was modi ed by introducing a correction function to meet the reproducing conditions. The resulting modi ed kernel function exactly reproduces polynomials to a speci c order and thereby ful lls the completeness requirement. 5 The shape functions developed from RKPM were later proved to be equivalentto moving least-squareskernelinterpolantsif polynomial basis functions were used. 9 The RKPM was extended to highly nonlinear hyperelasticity 7 and elastoplasticity 8 problems by introducing a material kernelfunctionto handleextremematerialdistortionwithout readjustment of dilation parameters. A direct transformation method 7 , 8 was also introduced to exactly impose essential boundary conditions.This approach successfullyresolves mesh distortion problems, and very accurate solutions can be obtained with relatively fewer degrees of freedom compared with FEM. 7 , 8 Considerable work has been devoted recently to nonlinear design sensitivity analysis (DSA), for both sizing [10] [11] [12] [13] [14] [15] [16] and shape 15 -20 design applications. Both the material derivative method 18 and the control volume method 19 , 20 were used for shape DSA. Choi and Duan 17 developed a DSA method for hyperelastic structures using ABAQUS. 21 A mesh distortion problem occurred in the FEA of a two-dimensional engine mount example using ABAQUS, when large loads were applied.
Our objective here is to develop a DSA method for hyperelastic structuresusing RKPM. In this work, both the material and shape design variables are considered for DSA. For continuum-based DSA, the tangentstiffnessoperatorat the nal equilibriumcon gurationis used to derive the adjoint and sensitivity equations. Consequently, computation of the sensitivity coef cient is ef cient because no iterations are needed to achieve a convergent solution. Also, the tangent stiffness matrix at the nal equilibrium con guration was decomposed during the structural analysis process; only forward and backward substitutions are needed for DSA.
Organization of the remainder of the paper is as follows: Sec. II presents a variational equation of hyperelastic structure and its linearized incremental form. Section III is an overview of the RKPM and its discretized form. Sections IV and V describe the proposed material and shapeDSA methodsusing RKPM. Section VI describes a numericalmethod for DSA using RKPM. An in nitely long rubber tube, a two-dimensional rubber band, and an engine mount are presented as examples in Sec. VII to demonstrate the proposed method. Section VIII presents a summary and future research directions.
II. Variational Equations of Nonlinear Hyperelastic Structures
Using the principle of virtual work, we can write the equilibrium equation of a hyperelastic structure at the con guration of time t CD t, with domain t CD t \ and boundary
where t CD t R is the virtual work done on the structure by the externally applied load through a kinematically admissible virtual displacement. The overbar represents the rst-order variation of the quantity. Using Yeoh's strain energy density 23 de nition expressed by Penn's reduced invariants (Ref. 24) , t CD t W can be written as
where A 10 , A 20 , A 30 , and k are material properties. In Eq. (2),
where t CD t 0 F is the deformation gradient tensor and
is the right Cauchy-Green deformation tensor. For the total Lagrangian formulation, the initial con guration at t D 0 is selected as the reference con guration, and the second Piola-Kirchhoff stress tensor t CD t 0 S i j and the Green-Lagrangian strain tensor t CD t 0 e i j are employed. We can write the equilibrium Eq. (1) as
where t CD t 0 z is structural displacement at time t CD t referred to the con guration at time 0, t CD t 0 f i and t CD t 0 T i are structural body force and traction force, 0 \ and 0 C are the structural domain and boundary, and 0 Z is the space of kinematically admissible virtual displacements. Stress components for assumed hyperelastic material are computed using 25 , 26 
To solve this nonlinear equation, the linearized incremental form of the equilibrium equation is introduced over the time interval
Note that in Eq. (6) the external load is assumed to be deformation independent. The energy bilinear form a ¤ ( The RKPM discretization is based on the following kernel estimation of a function 5 :
where
The term z R (x) is the reproduced z(x), U a (x ¡ s) is the kernel function, and a is the dilation parameter that controls the size of the support of U a (x ¡ s). For nonnegative U a (x ¡ s) with the integral normalized to unity, z R (x) converges to z(x) as a ! 0. If the kernel function is the Dirac delta function, z R (x) reproduces z(x) exactly. In computation,functions such as Gaussian or spline functions with small supports are usually used as kernel functions. In this work, the following cubic spline is used (see Fig. 1 ):
ja j 3 , for 1 2 < ja j · 1 0, for ja j > 1
Equation (7) is the foundation of SPH. 1 Liu et al. 5 suggested a modi cation of Eq. (7) to improve the accuracy of SPH by introducing a modi ed kernel function such that the kernel estimation exactly reproduces polynomials: (10) where
is the modi ed kernel function.In Eq. (11), C(xI x ¡ s) is called the correction function and is expressed by an N th-order polynomial of (x ¡ s), i.e.,
and
and the various
. Expressingan N th-order polynomialof z(s) in terms of power series of (s ¡ x) by a Taylor expansion, the imposition of z R (x) D z(x) leads to the following equations:
Equations given in Eq. (15) are called the reproducingconditions. 5 , 6 By rearranging Eqs. (15) (16) (17) , b(x) can be obtained from
where the moment matrix is introduced as
The discretized reproducing equation is obtained by performing numerical integration of Eq. (10). An example of discretization is employing the trapezoidal rule to the reproducing equation to yield
where NP is the total number of particles and
can be interpreted as the interpolation functions of z R (x). The derivative of the interpolation function W i (x) is obtained using
Several remarks were discussed in Ref. 7 and are repeated here.
1) The term M is the Gram matrix of a set of basis functions
Because U a is chosen to be a positive function, M is nonsingular.
2) If z(x) is an N th-order polynomial, the reproducing Eq. (10) reproduces z(x) exactly.
3) The matrix M and its derivatives need to be integrated using the same integration rule as in Eq. (21).
4) The smoothness of the interpolation function W I (x) depends greatly on the smoothnessof the kernelfunctionU a . It was discussed in Ref. 8 
In the case where the support of U a (x ¡ x i ) does not intersect with the boundary, M degenerates to a constant matrix if particles are equally spaced, and the trapezoidal rule is used for integration.
6) The support of the kernel function has to cover at least one adjacent point to maintain numerical stability (which is often referred to as the kernel stability).
7) The shape function W i (x) does not possess Kronecker delta properties, i.e., W i (x j ) 6 D d i j . The extension of U a to multidimensional cases is straightforward and can be found in Ref. 8 .
B. RKPM Galerkin Approximation
Let z h and N z h be RKPM approximations of z and N z, respectively. Using the Galerkin approximation, the problem statement is as follows. For a structure with domain 0 \ and boundary 0 C (a subset of which 0 C g is an essential boundary with prescribed displacement g), given the energy density function W , body forces f , and traction forces T, nd z
The RKPM interpolationfunctions for i th components of z h and N z
where d i I and N d i I are the i th components of the generalized displacement and generalized virtual displacement of particle I , respectively.
Because W I (x) does not hold Kronecker delta properties, essential boundaryconditionscannotbe introduceddirectly. Chen et al. 7 , 8 proposed a direct transformation method where generalized displacements are transformed to nodal displacements
The displacements are then interpolated by
With this newly de ned interpolation function O W K (x), essential boundary conditions are imposed by
Note that, in computational implementation, the stiffness matrix and force vectorsare formed using W I (x) and then transformedto the nodal coordinate system by the transformationmatrix A, de ned by Eq. (29) . The resulting discretized RKPM incremental equilibrium equation is similar to that of the FEM, except that no explicit mesh is needed to construct shape functions.
For large deformation analysis, a material RKPM kernel function was introduced in Refs. 7 and 8 so that the kernel function covers the same set of material particles throughoutthe course of deformation. This formulation ensures that the kernel stability condition is satis ed regardlessof the material distortion.This method expresses the kernel function in original con guration in the following form:
where 0 x is the material coordinate. Although this material kernel function ts naturally for the total Lagrangian formulation, it can also be used for the updated Lagrangian formulation in which the spatial derivative is obtained by the chain rule
IV. Material Design Sensitivity Analysis
Consider a structuralsystem in the nal equilibriumcon guration at time t (instead of t CD t of Sec. II), corresponding to a given material property design variable u. Using Eq. (4), we can write the equilibrium equation for the structural system as
When the material property is perturbed to u C s d u, the structure reaches another equilibrium con guration at time t CD t . The new equation of equilibrium is 
(37) The rst-order variation of the energy form with respect to the material property u is
where a 0 d u is the rst-order variation of the energy form of Eq. (36) with respect to its explicit dependence on the material property u:
The tilde indicatesa variablethat is to be held constantfor the process of partial differentiation. The rst-order variation of the load form of Eq. (36) is`0
The sensitivity equation of the direct differentiation method is obtained then as
Note that the same energy bilinear form appears on the left-hand sides of Eqs. (6) and (41). Correspondingly, the stiffness matrices will be identical when the two equations are discretized, leading to a very ef cient calculation of the sensitivity coef cients. The second term on the right-hand side of Eq. (41) is
where Eq. (5) is used to compute the variation of stress components with respect to material property u as
For the total Lagrangianformulation,we can write a generalstructural performance measure at the nal equilibrium con guration t CD t corresponding to perturbed design u C s d u as
The rst-order variation of the performance measure with respect to the material property design variable is obtained as 
A complete derivation is given in Ref. 10 .
V. Shape Design Sensitivity Analysis
In shape DSA, parameters that determine the geometric shape of the structural domain are treated as design variables. The relationship between shape variation of a continuous domain and the resulting variation in structural performance measures can be described using the material derivative of continuum mechanics.
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A. Design Velocity Field
Consider a structural domain 0 \ with its boundary 0 C as a continuous medium at the initial design s D 0 shown in Fig. 2 (solid  lines) . Suppose only one parameter s de nes the transformation T that changes the structural domain from 0 \ to 0 \ s (dotted lines). The transformation mapping T that represents this process can be de ned as De ne the design velocity eld V, with s playing the role of (design) time, as
In the neighborhood of initial time s D 0, assuming a regularity hypothesis and ignoring higher-orderterms, T can be approximated by
where 0 x´T( 0 x, 0) and V( 0 x)´V( 0 x, 0).
B. Design Sensitivity Analysis
Consider a structuralsystem in its nal equilibriumcon guration, at time t , instead of t CD t as in Sec. II, corresponding to the initial domain 0 \ at s D 0. The equilibrium equation of the structural system is of the form
Using the total Lagrangian formulation, the variational equation of equilibrium on a perturbed domain 0 \ s at its nal equilibrium con guration time t CD t is
The pointwise total material derivative of the structural responses
Taking the total material derivative on both sides of Eq. (52) and using Lemmas 3.2.1 and 3.2.2 from Ref. 18 , one obtains
We can rewrite Eq. (54) as
This is the sensitivity equation that has to be solved for the total derivative of the structural response. The left-hand side of Eq. (57) exhibits the same bilinear form as Eq. (6), and so the computation of sensitivity coef cients is very ef cient. Consider a general structural performance measure in an integral form as
The rst-order variation of the performance measure with respect to the shape design variable using total material derivative is
Once t 0 z and 0 P z are obtained from Eqs. (6) and (57), respectively, t 0 w 0 can be obtained from Eq. (59). This is the direct differentiation method. Design velocity eld V must be computed carefully so that it satis es theoretical and practical requirements. 27 For the adjoint variable method, an adjoint equationis introduced as
Solving Eq. (60) for the adjoint variable 0 k , the design sensitivity t 0 w 0 can be computed using
A complete derivation is given in Ref. 15 .
VI. Numerical Implementation
In this section, the computational procedure for proposed DSA is presented. We employ a computational algorithm for a ctitious load for the material DSA to explain the procedure.
A. Computational Procedure of DSA
The computational procedure shown in Fig. 3 has been implemented for material and shape DSA using RKPM. Here, an RKPM code is used to obtain structural responses at the nal con guration Shape DSA requires special attention while using the RKPM method because the shape functions for a particle depend on the Fig. 3 DSA computational procedure. positions of its neighboring particles. Shape changes in uence the interpolation functions due to movement of neighboring particles. From Eqs. (26) and (27) it follows that
where P W I (x) is the total derivative of the interpolationfunction with respect to shape design parameter. Because 
VII. Examples
An in nitely long rubber tube (modeled as both one-and twodimensionalproblems), a two-dimensionalrectangularrubberband, and an engine mount are presented in this section to demonstrate the proposed DSA method. In this paper, the linear function H D [1, x ¡ s] and the quadrature rules of Ref. 8 are used.
A. In nitely Long Rubber Tube
An in nitely long rubber tube with an internal pressure P is modeled as both one-and two-dimensional axisymmetric problems, as shown in Fig. 5 . Inner and outer radii of the tube are 60 and 80 mm, respectively. The pressure P is 0.5 MPa. Analysis results of this problem have been veri ed using an analytical solution. 26 The variational equilibrium equation of the two-dimensional axisymmetric problem using the total Lagrangian formulation is
where t 0 S i j is de ned in Eq. (5) and the strains are
Note that the load form is a function of the displacement because
Material Design Sensitivity Analysis
The for i, j, k D 1, 2, and
The variation of the load form contains a displacement derivative as
Therefore, the sensitivity equation corresponding to Eq. (41) is
The material DSA is implemented using the direct differentiation method. The sensitivity results are veri ed using the forward nite difference with a perturbation d u T D f0.0005 ¤ A 10 , 0, 0, 0g. In Table 1 , w (u C d u) and w (u) are displacements at the perturbed and initial designs, respectively; d w is the nite difference result, i.e., w (u C d u) ¡ w (u)I w 0 is the predicted displacement variation using sensitivity coef cients, i.e., f ¶ w / ¶ ug T ¢ d u; and w 0 / d w % is the accuracy measurement of sensitivity coef cients. Under the w 0 / d w % column, a value closer to 100% indicates that the sensitivity prediction is more accurate. Table 2 .
Shape Design Sensitivity Analysis
For shape DSA, the material derivatives of the energy and load linear forms of the one-dimensional axisymmetric problem can be obtained from Eq. (57), using Table 1 Veri cation of displacement sensitivity for material property A 10 for one-dimensional axisymmetric example 
Note that the material derivative of the load form contains a displacement derivative as
Therefore, the sensitivity equation in Eq. (57) becomes
where`0 The shape DSA is implemented using the direct differentiation method. In this example, ve particles with support size a D 10 mm, four integrationzones, and a one-point quadrature are employed for structural analysis and DSA. The inner radius of the tube is de ned as the shape design variable. A linear design velocity eld is de ned for this shape design variable, i.e., V 1 (x 1 ) D (r ext ¡ x 1 )/ (r ext ¡ r int ). The sensitivity results of the one-dimensional example are veri ed to be accurate using the forward nite difference with a perturbation of 0.001 mm, as shown in Table 3 .
B. Two-Dimensional Rectangular Rubber Band
A rectangular rubber band with a prespeci ed displacement is modeled as a two-dimensional plane strain problem, as shown in 5 MPa. The displacements in the x 1 direction are imposed to be 4 cm, as shown in Fig. 6 . The energy form of the two-dimensional plane strain problem with the material and shape design sensitivity expressions can be obtained from Secs. IV and V. The variation of the load form vanishes because the external load does not depend on design variables.
For this plane strain example, 27 particles with support size a D 1.0 cm in both x 1 and x 2 directions, 4 integration zones, and a 3 £ 3 quadrature rule are used to perform structural analysis and DSA. The material design sensitivity is computed using the direct differentiation method. The sensitivity results are veri ed to be accurate, using the forward nite differences with a perturbation d u T D f0.001, 0, 0, 0g, as shown in Table 4 .
C. Engine Mount
An engine mount with imposed displacement boundary conditions is modeled as a two-dimensional problem, as shown in Fig. 7 . A geometric model is created using MSC/PATRAN. 28 Because of symmetry, only half of the structure is analyzed. Half of the model contains 188 particles and 133 integration zones. Yeoh's strain energy density is employed to describe the hyperelastic material as in Eq. (2) . The exterior boundary is assumed to be xed. The interior metal block (the shaded region in Fig. 7 ) is treated as a rigid body and the stiffness of the engine mount is viewed as a performance measure. The stiffness is computed using the ratio of the reaction force developed at the nal load step and the imposed displacement. The hydrostatic pressures at critical points are also selected as the performance measures.
The analysis is carried out in 25 load steps, due to high nonlinearity of the model and large deformation. Figure 8 shows the fringe plot of the hydrostatic pressure on the deformed engine mount. The hydrostatic pressure is computed from
where k is the bulk modulus and t 0 J is the determinant of the deformation gradient.
Eight shape design parameters, the x and y coordinates of four control points (grid points 8, 12, 29, and 33) on the boundary as shown in Fig. 9 , are selected for this problem. Eight corresponding 
